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Abstract We experimentally demonstrate the genera-
tion of off-axis phase singularities in a vortex transmuta-
tion process induced by the breaking of rotational sym-
metry. The process takes place in free space by launch-
ing a highly-charged vortex, owning full rotational sym-
metry, into a linear thin diffractive element presenting
discrete rotational symmetry. It is shown that off-axis
phase singularities follow straight dark rays bifurcating
from the symmetry axis. This phenomenon may provide
new routes towards the spatial control of multiple phase
singularities for applications in atom trapping and par-
ticle manipulation.
1 Introduction
Scalar coherent light beams can present phase singular-
ities, that is, zeros of the complex scalar wave which are
recognized by a vanishing intensity around which the
phase whirls [1,2,3]. Orbital angular momentum (OAM)
can be associated to these wave fields, commonly termed
as optical vortices [4,5]. The technological applications
of optical vortices range from optical tweezers and parti-
cle manipulation [6,7,8] to quantum information [9,10].
Moreover, there is a growing interest in using beams with
nontrivial phase as building blocks for a new generation
of traps for ultracold atoms, where the particles are in-
deed confined in the dark areas of the beam [11,12,13,
14]. Therefore, the external control of the propagation
of phase singularities linked to the regions of the beam
where the intensity vanishes is an essential question.
In 3D, the propagation of the phase singularities fol-
low vortex lines or dark rays. A single optical vortex
with O(2) continuous symmetry presents a phase singu-
larity located at the axis of symmetry, and its topolog-
ical charge corresponds to its OAM. The corresponding
dark ray is simply a straight line coinciding with the
axis of symmetry. A number of stationary vortices are
characterized by these dark rays, which can form knots
or braids, whose study is of central interest due to their
potential technological applications [15,16,17].
These dark rays, considered as the trajectories of vor-
tices propagating through certain medium, can be con-
trolled by means of either non-cylindrically symmetric
input wave-fronts or symmetric ones propagating in in-
homogeneous or nonlinear media, thus allowing for the
inversion of the charge of the initial vortex [18,19,20]. A
different approach considers the controllable transforma-
tion of a single optical vortex with O(2) continuous sym-
metry in a vortex featuring different on-axis charge by
means of a system showing discrete rotational symmetry.
This phenomenon, known as vortex transmutation [21],
was experimentally demonstrated in optically induced
photonic lattices [22,23] and recently, for the first time,
in free space using linear polygonal lenses [24]. Remark-
ably, the unveiling of the OAM by diffracting a vortex
with a triangular aperture [25] can be understood in the
light of this phenomenon. The process of vortex transmu-
tation, governed by the simple symmetry rule established
in [21], was proven to be a consequence of the generation
of a number of optical vortices on-axis which propagate
off-axis [26]. In this paper we experimentally demon-
strate the generation and control of these off-axis sin-
gularities (OAS) by means of a thin discrete symmetry
diffractive element (DSDE) in free space, and show that
the corresponding dark rays are straight lines. These re-
sults confirm the theory developed in Ref. [27].
2 Theory of OAS formation
The generation of OAS is closely related to the phe-
nomenon of vortex transmutation [21], which occurs when
a highly-charged vortex owning O(2) continuous symme-
try illuminates a medium with discrete rotational sym-
metry of Nth order (CN ). The breaking of O(2) into CN
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produces four major effects: (i) OAM is no longer con-
served, and vortex solutions are not eigenfunctions of
Lz = −i∂/∂θ with eigenvalue l [28]; (ii) a quantity m
called angular pseudo-momentum is conserved instead
of l [29]; (iii) an upper cutoff applies to the topological
charge q of a single phase singularity: |q| ≤ N/2 [30]; and
(iv), a disintegration of a single phase singularity located
at the symmetry axis occurs when |q| > N/2 verifying
the following transmutation rule
l −m = kN, k ∈ Z, (1)
where q = l and q′ = m are the charges of the cen-
tral singularity before and after the breaking, respec-
tively [26]. Numerical simulations show that transmuta-
tion is accompanied by the appearance of kN OAS mov-
ing outward from the symmetry axis [26]. Although this
result was obtained by assuming illumination of a thick
z-invariant discrete nonlinear medium, the O(2) → CN
breaking mechanism is a linear phenomenon. Experi-
mental observation of the transmutation of the central
charge has been recently reported [24]. The theory of
OAS in free-space vortex transmutation has been re-
cently developed in Ref. [27]. In this reference, trajec-
tories of the OAS have been analytically calculated in
the case of a thin DSDE illuminated by a Laguerre-
Gaussian (LG) beam with charge q = l [27]. The main
results of this theory are summarized in Fig. 1 for the
case q = +3, N = 4. The dark ray associated to the cen-
tral singularity does not experience any deviation after
the action of the DSDE. However, N = 4 (k = 1) singu-
larities with q = +1 follow trajectories bifurcating from
the central ray at the DSDE position. They verify the
transmutation rule: q = q′ + kN (q = +3 and q′ = −1),
conserving charge. Asymptotically, these N = 4 dark
rays follow straight lines. The polar θ and axial Φ an-
gles of the dark rays are completely determined by the
parameters of the DSDE and the input LG beam. In par-
ticular, the polar angle of the jth dark ray is given by
θj = pi/(2N)+jpi/2 with j = 0, · · · , N−1 [27]. The axial
angle is given by Φ = tan−1[pi−12
√
6W0λv
1/2] (v  1),
where W0 is the width of the input LG beam, λ is its
wavelength and v is a dimensionless parameter measur-
ing the strength of the O(2) → CN breaking. Remark-
ably, the dark rays divergence Φ  1 is proportional to
the waist W0, unlike the beam divergence (bright region)
which is proportional to W−10 (see Ref. [27] for details).
Thus, dark rays follow an opposite diffraction pattern
than their bright counterparts.
3 Experimental setup
A sketch of the experimental setup is shown in Fig. 2.
A HeNe laser (λ = 632.8 nm, P = 1 mW) was used as
a source. The linearly-polarized beam is driven into a
Mach-Zenhder interferometer, where a first beam split-
ter (BS1) divides it into two arms. In one of them, an
DSDE
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Fig. 1 Straight-line trajectories of dark rays after the
diffraction of a LG beam with q = l = +3 by a thin DSDE
with N = 4. Curved arrows indicate the direction of the az-
imuthal phase variation.
optical vortex with topological charge q = +3 is syn-
thesized by passing the beam through a diffractive mask
(HM) [31]. The first diffracted order is selected, blocking
the remaining with an aperture (S1). A telescope, made
by a couple of lenses L1, L2, allows to control its diver-
gence. In all our experiments, the diameter (divergence)
of the initial Gaussian vortex is around 2 mm (1 mrad).
The amplitude DSDE, sketched in Fig. 1 and responsi-
ble for the transmutation of the vortex according to the
selection rules, is a square matrix of black dots (i.e., own-
ing C4 symmetry) impressed on a transparent substrate
(dot radius=180 µm; dot-to-dot distance = 880 µm).
Fig. 2 Experimental setup: LASER: 1 mW HeNe laser
(λ = 632.8 nm); BS1 and BS2: beam splitters; HM: diffrac-
tive holographic mask; S1: adjustable iris; L1 and L2: lenses
with focal lengths f1= 150 mm , f2= 150 mm; DSDE: dis-
crete symmetry diffractive element; HWP: half-wave plate;
M1 and M2: mirrors; POL: linear polarizer; CCD: camera
at the observation plane. Insets: a) far-field intensity pattern
of a vortex with charge q = +3 after passing through the
DSDE. b) Same as a), except for a higher intensity of the ini-
tial vortex beam. c) Interferogram of the situations depicted
in a)-b). The fork-like patterns with the spikes up (down)
indicate the location of the q > 0 (q < 0) phase singularities.
All the insets display a 1× 1mm square region.
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Fig. 3 Evolution of phase singularities with propagation: (a)-(e), far-field intensity patterns for increasing values of z; (f)
interferogram with a plane wave unveiling the value of individual charges.
4 Generation and dynamics of OAS
In the insets of Fig. 2, we display the transverse intensity
distribution recorded by the CCD at a distance z = 75
cm from the beam splitter BS2. The output pattern is
composed by five regions where intensity vanishes (see
Fig. 2a), which, in addition, turn out to be the locations
of the arising phase singularities. Because the DSDE em-
ployed in our experiments is an amplitude object, the
obtained far-field diffraction patterns are strongly dis-
torted, and so additional diagnostics are needed in order
to ensure the resulting phase distribution. Notice that a
clear analysis of the latter is crucial to have a detailed
insight of the vortex transmutation process. Thus, we
have adopted two complementary strategies to unam-
biguously discriminate the phase singularities from other
low-intensity regions in the observation plane. First, as
singularities are zeros of the optical field, we can iden-
tify them clearly by increasing the beam intensity, thus
improving the background contrast accordingly (see Fig.
2b). Second, we were able to observe directly both po-
sitions and charges of the phase singularities using the
interferometric setup displayed in Fig. 2. Hence, the vor-
tices are identified via the fork-like patterns they pro-
duce as a result of their interference with a tilted light
beam without nested singularities, coming from the sec-
ond arm of the interferometer. As predicted by theory
(see Fig. 1), the central dislocation transmutes its charge
from q = +3 to q′ = −1, and N = 4 OAS with charge
q = +1 each bifurcate from the original vortex q = +3 at
the position of the DSDE according to its C4 symmetry
(see Fig. 2c). Our procedure delivers a fully reliable pic-
ture of the whole phase portrait since the interferometric
resolution can be tuned at each observation distance by
adjusting the relative angle between the beams coming
from both interferometer arms.
We have also analyzed the dynamics of the OAS by
following their evolution over long distances. The results
are depicted in Fig. 3. Remarkably, the central trans-
muted singularity does not change the initial trajectory
remaining at the origin, while OAS do deviate (see inter-
ferogram in Fig. 3(f)). As experimentally demonstrated
in Fig. 4, OAS follow straight dark rays preserving C4
symmetry. Particularly, they display a different behav-
ior of their divergence with respect to the waist W0 when
compared to the diffraction of the bright ring of the beam
(see Sec. 2). Differences in the slopes of the lines repre-
sented in Fig. 4 can be attributed to distortions caused
by the high sensitivity to alignment of the setup.
We must point out that the solely monitoring of the
phase singularity placed upon the optical axis is not
enough to demonstrate the transmutation process, since
the transformations in this singularity are compatible
with the decay of the initial highly-charged vortex due
to a small perturbation [32]. In fact, we checked that
a small misalignment of the setup causes an immedi-
ate conversion of the initial charge q = +3 into three
single charges q = +1. Such behavior turns out to be
very similar to that reported in Refs. [33,34], where the
authors observed the decay of a single vortex of charge
|m| > 1 into |m| single-charged vortices due to astig-
matism. Thus, some remnant aberrations of our tele-
scopic system, together with the symmetry breakdown
from the misaligned DSDE, may explain the decay to 3
single-charged vortices of our initial vortex beam. Then,
the vortex transmutation phenomenon discussed in this
paper clearly overcomes that astigmatic breaking mech-
anism when the system is properly aligned and almost
free of major optical aberrations. In such case, the ob-
servation of OAS allows to disentangle both phenomena
without any ambiguity.
Finally, we observed a slight rotation of the whole
pattern (see Fig. 3). Whilst such rotation can be com-
patible with the theoretical description, some distortion
due to the optical system can also yield to similar results.
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Fig. 4 Linear dependence of the radial position on the prop-
agation distance for the top-left and top-right singularities in
Fig. 3. The bottom singularities, whose evolution is omitted
for simplicity, follow the same linear behavior with slightly
different slopes.
5 Conclusions
We have experimentally demonstrated the generation of
OAS in free-space vortex transmutation by means of a
DSDE. We have shown that OAS follow straight dark
rays in the form predicted by recent theory [27]. Our
study opens the door to the full control over both the
generation and evolution of deterministic patterns of
phase singularities by means of DSDEs. These results
can lead to relevant applications in fields such as par-
ticle manipulation, quantum information, and ultracold
atom trapping, in which the non-trivial phase pattern
of new types of optical beams characterized by multiple
phase singularities, as those presented here, can play a
key role.
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